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Definition
A set «v is an ordinal if it is transitive and € is well-founded on «:
> xca— xCaq,

» Every nonempty X C « has an €-least element.
(Obviously too strong constructively!)
This makes € a strict total order on «; we often write < for €.

Important property: there cannot be an infinitely descending
sequence of ordinals

apg > g > 0 > ...

E.g. already Turing [1949] used ordinals to prove termination of
programs.
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w2 =, (w+ n)is an ordinal.

w-2, w-3, ...are ordinals;

w? =w-w=J,., (w-n) is an ordinal.

w22, w?-3, ... are ordinals;

w> = U,y (w? - n) is an ordinal.

w*, w®, ... are ordinals;

w n

w is an ordinal.

= Un<w w

w
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» w-2=,, (w+ n)is an ordinal.

» w-2, w-3,...are ordinals;

> w=w-w=,,(w:n)is an ordinal.
> w22 w?-3, ... are ordinals;

> w =, (w?-n)is an ordinal.

> w4 WP, ... are ordinals:

» W =J,,w" is an ordinal.

ww

> ¥, w¥, ...are ordinals;

> 5o = U{w“’,w“’w,w“’uw, ...} is an ordinal.
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€0

€o is the least solution to the equation o = w®.

Fact (Cantor Normal Form)
Every ordinal o can be written uniquely as

a=wht + w2 . P
for some 1 > o > -+ > f3p.
In particular, eg = w®, so we can take 81 = &g.
But, for o < g9, we have 8; < « for every |.

Hence if we compute the Cantor Normal Form
Bi=wm + w4 W
and so on, we get decreasing sequences

a>ﬁ;>7j>...

which must terminate. This gives a finite representation of «!
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But: uniqueness of representation has been lost. How can we
recover this?







An inductive-inductive-recursive definition

We simultaneously define

data MutualOrd : Typeg
data < : MutualOrd — MutualOrd — Typeg
fst : MutualOrd — MutualOrd
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MutualOrd

data MutualOrd where
0 : MutualOrd

" + [ ]:(ab: MutualOrd) — a > fst b — MutualOrd

wherea>b=a>bwa=b.

data _ <_ where

<1:0<wra+b|r]
<sra<c—wat+b[r]<w c+d[s]
<3ia=c—ob<d—wat+b|[r]<w c+d|s]

fst0=0

fst(wa+ [ |)=a

Remark: there is an equivalent non-inductive-recursive definition
where we define the graph of fst inductively.



Examples

» 1 =w" 0+ 0 [inj refl |
> 0o =w"1+0/inj <1 ]

> v (a)=w"a+0[>0]
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Basic properties

Proposition

< is proof-irrelevant.
Proof.

We simultaneously define

MutualOrdIsSet : isSet MutualOrd

<IsPropValued : isProp (a < b)

MutualOrd= : {r: a>fst b} {s: c>fstd} v a=c—b=d

—“w a+b[r]l=0"c+d|s]
L]

Proposition
< is trichotomous.
Proof.
We define

<-tri: (a b: MutualOrd) - a< bWa>b

using case distinctions on all subterms. O
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Ordinal addition

Addition on ordinals is famously non-commutative:

lbtw=w<w+1

In general, if v < w® then v 4 wf = Wh.
In particular, if & < /3 then w® < w?, hence w® + w? = WP.

We now want to implement addition on MutualOrd. We
simultaneously define
4+ : MutualOrd — MutualOrd — MutualOrd
>fst+ : {a: MutualOrd} (b ¢ : MutualOrd)
—a>fstb—a>fstc—a>fst(b+ ¢
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Addition on MutualOrd

Remember: if o < 8 then w® + wf = wh.
0+b=5>b
a+0=a
(wa+c[r])+ (0> b+ d[s]) with <-triab
.. |injja<b=w" b+ d|[s]
o linpazb=w"a+ (c+w” b+d[s])[>fst+c ra>b]
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Addition on MutualOrd

Remember: if o < 8 then w® + wf = wh.
0+b=5>b
a+0=a
(wa+c[r])+ (0> b+ d[s]) with <-triab
.. |injja<b=w" b+ d|[s]
o linpazb=w"a+ (c+w” b+d[s])[>fst+c ra>b]

>fst+ 0 rs=s

>fst+ (w0 + [ _])0rs=r

>fst+ (0" b+ [ ) (0" c+ [ _]) rswith <-tribc
. |inj1 b<c=s

. linjg b>c=r

11



Multiplication on MutualOrd

0-b=0

a-0=0
a-(w"0+d[r])=a+a-d
(@ a+c[r]) (0" b+d[s])=

Mw(a+b)+ (0" a+c[r]-d

12



Multiplication on MutualOrd

+d[r])=a+a-d
(W a+c[r]) (0" b+d[s]) =
Mo~ (a+b)+ (0" a+c[r]-d

Note: All in terms of previous operations, so no simultaneous
lemma needed.

12
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Uniqueness by making things the same

We want to avoid redundant representations of ordinals
a:wﬁl —|—wB2+-~~+wﬁ"

With a mutual approach, we could require 81 > 8> > ... > [,
hence ensuring uniqueness of the list (1, ..., £n].

Another option: quotient out the difference by identifying different
permutations of the exponents

WO WP = P2 P

That is, we use a quotient inductive type.

13



A higher inductive appoach

data HITOrd : Typeg where
0: HITOrd
®” @ : HITOrd — HITOrd — HITOrd
swap:Vabc—ow adw bdbc=w"bdw adc
trunc : isSet HITOrd

(cf. finite multisets as a HIT [Licata, 2014]).

14



Example

example : (a b c¢: HITOrd)
-0 ad  bP  cH0=0"ch " bdw ad0
example a b ¢ = begin
W abw bOw cdO=(swapab )
O b0 adw ch0=(cong(w" b )(swapac ))
W bdw  cOHw ad0=(swapbc_)
W Cchw bdw ad 0O

15



Arithmetic on HITOrd

Because every function out of HITOrd must respect swap, it is
convenient to define commutative operations on HITOrd.
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Arithmetic on HITOrd

Because every function out of HITOrd must respect swap, it is
convenient to define commutative operations on HITOrd.

For arithmetic, these are the so-called Hessenberg sum and
product [Hessenberg, 1906].

16



Hessenberg sum

@ _: HITOrd — HITOrd — HITOrd
0 by=y

(wad®b) @dy=w"ad(bdy)
(swapabci)®y=swapab(cdy)i
(

trunc p q i j) @ y = trunc (cong (_& y) p) (cong (_& y) q) i j
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(wad®b) @dy=w"ad(bdy)
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Hessenberg sum

~ @ : HITOrd — HITOrd — HITOrd

0 Gy=y

(wad®b) @dy=w"ad(bdy)
(swapabci)®y=swapab(cdy)i

(trunc p 7)) & y = trunc (cong (_& y) p) (cong (_& ) q) i

In the swap case, we have to construct a path

W adbw bd(cOy) =" bbb ad(cdy)

Proposition
@ _is commutative.

17
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Which approach is better?

Both!

Depending on the application, e.g. the mutual approach for
properties of the order, the HIT approach for commutative
operations.

Even better:

Theorem

MutualOrd and HITOrd are equivalent, i.e. there is a proof M~H :

MutualOrd ~ HITOrd.

Corollary

MutualOrd and HITOrd are identical, i.e. there is a proof M=H :
MutualOrd = HITOrd.

18



MutualOrd and HITOrd are equivalent

PR
MutualOrd HITOrd
~_ 7
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Operations via univalence

By using univalence, we can transport operations and proofs
between MutualOrd and HITOrd.

_ <" HITOrd — HITOrd — Typeg
<M =transport (\ i = M=H i — M=H i — Typey) < _

oM . MutualOrd — MutualOrd — MutualOrd
@M =transport A\ i = H=M i — H=M i — H=M i) @&

20



Transporting proofs

We can also transport properties. For instance: define

Dec: (A: Typel) - (A— A — Type £') — Type (£ U L)
DecA < =(xy: A =>x<ydW-x<y
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Transporting proofs

We can also transport properties. For instance: define

Dec: (A: Typel) - (A— A — Type £') — Type (£ U L)
DecA < =(xy: A =>x<ydW-x<y

We can easily prove
<-dec : Dec MutualOrd <

Hence we can construct

<H-dec : Dec HITOrd <M

<H_dec = transport (A i — Dec (M=H /) (<Path i)) <-dec
where

<Path : PathP (A i — M=H i —+ M=H i — Typeg) < __
is a dependent path from < to <M .

<N

21



It computes!
Define

It : HITOrd — HITOrd — Bool
It a b = isLeft (<M-dec a b)

for convenience.
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It computes!
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It a b = isLeft (<M-dec a b)

for convenience.

Ex[<H-decComp] :
It 0 0 = false
x It Hw ((H1 & H.1) ® Ho) = true
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It computes!

Define

It : HITOrd — HITOrd — Bool
It a b = isLeft (<M-dec a b)

for convenience.

Ex[<H-decComp] :
It 0 0 = false
x It Hw ((H1 & H.1) ® Ho) = true
x It (How (Hw)) (Ho"(H1+9 Ho)) = false
x It (Ho"({Hw)) (Ho"(H1 & Ho)) = true
Ex[<H-decComp] = (refl , refl , refl , refl)

Ex[®MComp] : M.1 &M M.w = M.w + M.1
Ex[®MComp] = refl

22
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» Also: Can prove e.g. transfinite induction.

» Future work: Going beyond &g using a higher inductive type of
Brouwer ordinals.
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